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ABSTRACT
We study the effect of resonant absorption of surface sausage and surface kink modes under pho-
tospheric conditions where the slow surface sausage modes undergo resonant damping in the slow
continuum and the surface kink modes in the slow and Alfve´n continua at the transitional layers.
We use recently derived analytical formulas to obtain the damping rate (time). By considering linear
density and linear pressure profiles for the transitional layers, we show that resonant absorption in
the slow continuum could be an efficient mechanism for the wave damping of the slow surface sausage
and slow surface kink modes whilst the damping rate of the slow surface kink mode in the Alfve´n
continuum is weak. It is also found that the resonant damping of the fast surface kink mode is much
stronger than that of the slow surface kink mode, showing a similar efficiency as under coronal condi-
tions. It is worth to notice that the slow body sausage and kink modes can also resonantly damp in
the slow continuum for those linear profiles.
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1. INTRODUCTION
The observed magnetohydrodynamic (MHD) waves
in the solar atmosphere are considered as crucial
ingredients for the coronal heating problem (e.g.
Ionson 1978; Heyvaerts & Priest 1983; Hollweg 1988;
Poedts et al. 1989, 1990; Ofman & Davila 1995;
Roberts 2000; Goossens et al. 2011; Okamoto et al.
2015; Antolin et al. 2017; Cally 2017). The oscillation
and rapid damping of MHD waves have made it possible
to infer the physical parameters of the environment,
as seismological tools. Resonant absorption has been
treated as a most plausible mechanism for the rapid
damping of the MHD wave oscillations and used as coro-
nal seismology (e.g. Goossens et al. 2002; Arregui et al.
2007; Goossens et al. 2008; McEwan et al. 2008;
Wang et al. 2009; Wang 2011; Goossens et al. 2012;
Moreels & Van Doorsselaere 2013; Soler et al. 2014;
Moreels et al. 2015a,b; Wang 2016; Raes, J. O. et al.
2017).
Since the energy source of the high temperature of the
corona is believed to be from the convection zone below
the surface of the sun, the dynamics of MHD waves in
the photosphere or chromosphere is of significant inter-
est (see e.g. Jess et al. 2015; Jess & Verth 2016) where
sausage, kink, and torsional Alfve´n waves have mainly
been investigated.
Whereas resonant absorption under coronal
conditions has been extensively studied (e.g.
Ionson 1978; Poedts et al. 1989; Ofman & Davila
1995; Goossens et al. 2002; Ruderman & Roberts
2002; Aschwanden et al. 2003; Terradas et al.
2006a,b; Ruderman & Erde´lyi 2009; Pascoe et al.
2010; Goossens et al. 2011; Soler et al. 2013;
Okamoto et al. 2015; Yu & Van Doorsselaere 2016;
Scherrer & McKenzie 2017; Karampelas et al. 2017),
its role in the lower solar atmosphere is not well
understood yet (Hollweg 1988; Lou 1990; Rosenthal
1990, 1992; Stenuit et al. 1993; Keppens et al. 1994;
Bogdan et al. 1996; Keppens 1996; Ruderman 2009;
Giagkiozis et al. 2016).
In the lower atmosphere, alongside with the Alfve´n
resonance, the slow (cusp) resonance can be also an
important mechanism for wave energy conversion and
transport. It has been generally anticipated that the ef-
fect of resonant absorption in the slow (cusp) continuum
is feeble compared to that of resonant absorption in the
2Alfve´n continuum (see e.g. Soler et al. 2009), which, as
we recently showed in Yu et al. (2017), is not true for
the photospheric (magnetic pore) environment. The res-
onant absorption mechanism may cause efficient damp-
ing of sausage modes in the photosphere, in addition
to other damping effects like thermal conduction, com-
pressive viscosity, area divergence, optically thin radi-
ations and so on (e.g. De Moortel & Hood 2003, 2004;
Khodachenko et al. 2004; Mandal et al. 2016).
Although we showed that the role of resonant absorp-
tion of slow surface sausage mode in the slow continuum
is important for the wave damping, the model for the
transitional layers was a linear cusp speed profile, which
is a simple one. In this paper we put the model for tran-
sitional layer in a more general case: linear density and
linear pressure (or squared magnetic field) profiles and
study resonant absorption of both the surface sausage
and surface kink waves under magnetic pore conditions
motivated by the recent observation of the slow sausage
(m = 0) and kink (m = 1) modes simultaneously ex-
cited in a sunspot by Jess et al. (2017). We concentrate
on the damping rate and damping time in this paper.
We organize the paper as follows. In Sec. 2, we obtain
the dispersion relation of surface sausage and surface
kink modes under magnetic pore conditions for a plasma
which is homogeneous inside and outside the pore. In
Sec. 3, we derive the damping rate for the slow surface
waves by considering a thin transitional layer between
inner and outer regions of the pore by using the con-
nection formulae. In Sec. 4, we introduce the model
configuration for the transitional layer. The results are
shown in Sec. 5. We conclude the paper in Sec. 6.
2. DISPERSION RELATION
2.1. Dispersion relation
In our previous paper (Yu et al. 2017) we showed the
dispersion relation for the fast and slow sausage modes
under magnetic pore conditions by considering a uni-
form axisymmetric cylinder. In this paper we also con-
sider the surface kink modes. We assume that the in-
side magnetic field Bi and the outside magnetic field Be
are parallel to the axis (zˆ) and that no steady flow is
present. Then the pressures inside and outside the flux
tube satisfy the pressure balance equation
pe +
B2e
2µ0
= pi +
B2i
2µ0
, (1)
where µ0 is the magnetic permeability and p is the
plasma pressure. The subscript i(e) denotes inner
(outer) region of the flux tube.
We start from linearized ideal MHD equations by
assuming exp (i(kzz +mφ− ωt)) dependence, where
kz is the longitudinal wavenumber, m the azimuthal
wavenumber, and ω the angular frequency of the wave.
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Figure 1. The phase speed v/vsi(= ωr/ωsi) as a function
of kzR for a fast surface sausage mode (fss), a fast surface
kink mode (fsk), a slow surface kink mode (ssk), and a slow
surface sausage mode (sss) under magnetic pore condition
when vAe = 0km/s, vAi = 12km/s, vse = 11.5km/s, vsi =
7km/s, vCe = 0km/s, vCi ≈ 6.05km/s (≈ 0.86vsi), βi =
(2/γ)(vsi/vAi)
2
≈ 0.41 and βe = (2/γ)(vse/vAe)
2 =∞. The
two slow surface modes are indistinguishable in the figure.
All quantities are normalized by vsi.
Here we consider no transitional layer and different phys-
ical values for the inside and outside of the flux tube
boundary at r = R. The density ρ is assumed to be
ρi inside and ρe outside of the boundary and the same
is applied for B and p. The dispersion relation is then
obtained by the condition of continuity at the bound-
ary (r = R) (e.g. Edwin & Roberts 1983; Sakurai et al.
1991; Goossens et al. 1992; Yu et al. 2017):
[P ]=Pe − Pi = 0, (2)
[ξr]=
1
ρe(ω2 − ω2Ae)
dPe
dr
− 1
ρi(ω2 − ω2Ai)
dPi
dr
= 0,(3)
where P is the total pressure perturbation and ξr the
radial component of the Lagrangian displacement.
For the inner and outer homogeneous regions of the
flux tube, the equations for P and ξr are satisfied by
3Bessel functions where the argument is the radial com-
ponent.
For the surface wave modes, Eqs. (2) and (3) are
combined to yield (e.g. Edwin & Roberts 1983; Yu et al.
2017)
AekeK
′
m(keR)
ρe(ω2 − ω2Ae)
− AikiI
′
m(kiR)
ρi(ω2 − ω2Ai)
= 0, (4)
where the prime denotes the derivative with respect to
the entire argument, Im and Km are modified Bessel
functions of first and second kinds respectively, Ai,e is
the matching coefficient, and ki and ke are given by
k2i =−
(ω2 − ω2si)(ω2 − ω2Ai)
(v2si + v
2
Ai)(ω
2 − ω2Ci)
, (5)
k2e =−
(ω2 − ω2se)(ω2 − ω2Ae)
(v2se + v
2
Ae)(ω
2 − ω2Ce)
, (6)
where ωC = kzvC is the cusp frequency, vC =√
v2sv
2
A/(v
2
s + v
2
A) the cusp speed, ωs = kzvs, vs =√
γp/ρ the sound speed, vA = B/
√
µ0ρ the Alfve´n
speed, γ the adiabatic index, and ρ the density.
From the continuity of total pressure (AiIm = AeKm),
we obtain the dispersion relation Dm = 0 for azimuthal
wavenumber m:
Dm = ρi(ω
2 − ω2Ai)− ρe(ω2 − ω2Ae)
(
ki
ke
)
Qm = 0, (7)
where
Qm=
I ′m(kiR)Km(keR)
Im(kiR)K ′m(keR)
. (8)
We are concerned with the sausage and kink modes
(m = 0, 1) in this paper. Eq. (7) can be rewritten as
ω2 =
ρiω
2
Ai − ρeω2Ae
(
ki
ke
)
Qm
ρi − ρe
(
ki
ke
)
Qm
(for m = 0, 1). (9)
The r.h.s. of Eq. (9) also includes ω in ki, ke, and
Qm, therefore this equation needs to be numerically
solved (see e.g. Edwin & Roberts 1983; Yu et al. 2017).
We use the same parameter values as in Yu et al.
(2017) for the magnetic pore conditions (see also
Grant et al. 2015). We plot surface wave eigenmodes
for m = 0, 1 in Fig. 1: fast surface sausage mode
(fss), fast surface kink mode (fsk), slow surface kink
mode (ssk), and slow surface sausage mode (sss) where
vAe = 0km/s, vAi = 12km/s, vse = 11.5km/s, vsi =
7km/s, vCe = 0km/s, and vCi ≈ 6.05km/s (≈ 0.86vsi).
We distinguish between fast and slow mode by their
phase speed: fast mode lies above the kink speed vk =√
(ρiv2Ai + ρev
2
Ae)/(ρi + ρe) and slow modes lies below
vCi. Another characteristic is the behavior of the ra-
tio of longitudinal to transverse component of the La-
grangian displacement ξ˜ = ξ‖/ξ⊥ such that for the fast
modes ξ˜ . 1 and for the slow modes ξ˜ > 1 (see e.g.
Moreels & Van Doorsselaere 2013). For the slow modes
the longitudinal motion is dominant.
It follows from the figure that the slow surface sausage
and kink modes are in the cusp frequency range (vCe <
vsss,ssk ≤ vCi) while both fast and surface kink modes
are in the range vAe < vfsk,ssk < vAi. This implies that
when the discontinuity is replaced by continuous varia-
tion in the transitional layers, the slow surface sausage
mode (sss) and slow surface kink mode (ssk) lie in the
slow (cusp) continuum and as a result damp resonantly
in the resonant layer. The same phenomenon occurs for
the surface kink modes (fsk, ssk) in the Alfve´n contin-
uum. There also exist multiple body modes for sausage
and kink waves in the range vCi < v < vsi, which are
not shown in the figure. Since our concern is on the reso-
nant absorption of the surface waves, we do not consider
resonant absorption of the body modes here.
2.2. Approximate dispersion relation for the slow
surface kink mode at ω ≈ ωCi
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Figure 2. The dispersion curve as a function of kzR under
magnetic pore conditions when vAe = 0km/s, vAi = 12km/s,
vse = 11.5km/s, vsi = 7km/s, vCe = 0km/s, and vCi ≈
6.05km/s. We compare the numerical result, Eq. (9), with
the analytical formula, Eq. (12).
For kzR≪ 1 and ω ≈ ωCi we can assume ω2 = ω2Ci−
α, then the condition D1 = 0 (Eq. (7)) leads with the
aid of Eq. (A5) (dropping all higher order terms of kiR
and keR) to
ρi(ω
2
Ci − ω2Ai) + ρe(ω2Ci − ω2Ae)
(
1 +
k2iR
2
4
)
= 0. (10)
In this limit we obtain
k2i ≈
k2z
α
(ω2Ci − ω2si)(ω2Ci − ω2Ai)
(ω2si + ω
2
Ai)
=
k2z
α
ω6Ci
ω2siω
2
Ai
, (11)
4where we have used the relations (ω2Ci − ω2si) =
−(ω2siω2Ci)/ω2Ai and (ω2Ci − ω2Ai) = −(ω2Aiω2Ci)/ω2si.
Using Eqs. (10) and (11) we obtain an expression for
α as
α =
χ
4
ω6Ci(ω
2
Ci − ω2Ae)
ω2Ciω
4
Ai − χω2siω2Ai(ω2Ci − ω2Ae)
k2zR
2, (12)
where χ = ρe/ρi = (2v
2
si + γv
2
Ai)/(2v
2
se + γv
2
Ae).
In Fig. 2 we compare this formula, Eq. (12), with
numerical result under magnetic pore conditions. As
shown in the figure, Eq. (12) is accurate for kzR≪ 1.
The formula for k2i then reduces to
k2i =
k2z
α
ω6Ci
ω2siω
2
Ai
=
4
χ
ω2Ciω
4
Ai − χω2siω2Ai(ω2Ci − ω2Ae)
ω2siω
2
Ai(ω
2
Ci − ω2Ae)R2
=
4
R2
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)
. (13)
For ke we have
ke≈ kz
√
− (ω
2
Ci − ω2se)(ω2Ci − ω2Ae)
(ω2se + ω
2
Ae)(ω
2
Ci − ω2Ce)
= kznz, (14)
We use these formulas when we derive an analytical
damping rate in the long wavelength limit.
3. RESONANT ABSORPTION DUE TO THE
TRANSITIONAL LAYERS
Considering transitional layers which have a continu-
ous variation from the inside to the outside of the flux
tube, we need to solve, for example, a second-order ordi-
nary differential equation for ξr (e.g. Sakurai et al. 1991;
Goossens et al. 1992; Giagkiozis et al. 2016; Yu et al.
2017):
d
dr
[
D
rC
d(rξr)
dr
]
+ ρ(ω2 − ω2A)ξr = 0, (15)
where
D=ρ(ω2 − ω2A)(ω2 − ω2C)(v2s + v2A), (16)
C=ω4 − (v2s + v2A)(ω2 − ω2C)
(
m2
r
+ k2z
)
. (17)
This differential equation has singularities at ω = ωC(r)
and ω = ωA(r) where resonant absorption can oc-
cur resulting in damping of the wave amplitude. Due
to the presence of the transitional layer, the value of
ωC(vC) changes continuously from ωCi(vCi) to ωCe(vCe)
and that of ωA(vA) from ωAi(vAi) to ωAe(vAe). These
regimes are called slow (cusp) and Alfve´n continua, re-
spectively. For the magnetic pore conditions, we obtain
the relation 0 = vCe = vAe < vCi < vsi < vse < vAi
(See Figs. 1 and 3) and no modes exist for v > vse.
The slow surface sausage mode lies in the range 0 =
vCe < vsss < vCi, so it can undergo resonant absorp-
tion in the slow continuum. This also applies to the
slow surface kink mode since it is in the same range
of the slow resonance. For the Alfve´n resonance, both
the fast and slow surface kink modes lie in the range
0 = vAe < vfsk,ssk < vAi, so two surface kink modes
can undergo resonant absorption in the Alfve´n contin-
uum. There is no resonant absorption of sausage modes
in the Alfve´n continuum when the magnetic field is
along the flux tube. The resonant absorption of the
sausage mode in the Alfve´n continuum was studied by
Giagkiozis et al. (2016) by considering weakly twisted
magnetic flux tubes.
We are interested in the damping rate for thin
transitional layers. Therefore, instead of numerically
solving Eq. (15), we use a connection formula (e.g.
Sakurai et al. 1991; Goossens et al. 1992; Soler et al.
2009; Giagkiozis et al. 2016; Yu et al. 2017), which is
demonstrated in the following sections.
We start with a general derivation with vAe 6= 0 and
later focus on the magnetic pore conditions with vAe =
0.
3.1. Connection formula
As shown in Sec. 2 the eigenfrequency of the slow
surface sausage mode is in the slow resonance range:
ωr(vsss) < ωCi(vCi) and that of kink modes in the
Alfve´n resonance range: ωAe(vAe) < ωr(vfsk,ssk) <
ωAi(vAi). Therefore these modes will undergo resonant
damping in the transitional layers. When there is res-
onant absorption (damping) an imaginary term is in-
cluded in the original dispersion relation as follows (e.g.
Sakurai et al. 1991; Goossens et al. 1992).
Instead of the discontinuity at r = R, we assume a
continuous variation of ρ from ρi to ρe in a non-uniform
(transitional) layer [R − l/2, R + l/2] and similarly for
p and B. The thickness of the non-uniform layer is
set to l. A fully non-uniform flux tube corresponds to
l = 2R. By using the thin boundary approximation, we
can use the analytic solutions for P and ξr in the in-
tervals [0, R− l/2] and [R+ l/2,∞[, avoiding numerical
integration of Eq. (15). The connection formula for P
is, without reference to the kind of resonance, given as
[P ]=0, (18)
which is the same as for no resonance (Eq. (2)). Whilst
the connection formula for ξr is given as for the slow
resonance
[ξr]=−ipi k
2
z
ρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
Pc,
(19)
where subscript c denotes the position of the slow reso-
nance (r = rc) and △c = d(ω2 − ω2C)/dr|r=rc , and for
5the Alfve´n resonance
[ξr]=−ipi m
2
ρA|△A|r2A
PA , (20)
where subscript A denotes the position of the Alfve´n
resonance (r = rA) and △A = d(ω2 − ω2A)/dr|r=rA .
From Eqs. (3), (19), and (20) we obtain
P ′e
ρe(ω2 − ω2Ae)
− P
′
i
ρi(ω2 − ω2Ai)
=
− ipi k
2
z
ρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
Pc, (21)
and
P ′e
ρe(ω2 − ω2Ae)
− P
′
i
ρi(ω2 − ω2Ai)
= −ipi m
2
ρA|△A|r2A
PA.
(22)
3.2. Analytical solution for the damping rate of the
slow surface modes of sausage and kink waves in
the slow continuum
In our previous paper (Yu et al. 2017) we have devel-
oped an analytical formula for the damping rate of the
slow mode in the slow continuum. Here we introduce
again the procedure for obtaining the damping rate. For
the surface mode, Eq. (21) can be reduced to
AekeK
′
m(keR)
ρe(ω2 − ω2Ae)
− AikiI
′
m(kiR)
ρi(ω2 − ω2Ai)
(23)
+
ipik2z
ρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
AeKm(keR) = 0,
where we have used the continuity of P (Pi = Pe = Pc)
and Ai,e,c is the matching coefficient.
As before for the discontinuous case, we can elimi-
nate the coefficients Ai, Ae to arrive at the dispersion
relation. The dispersion function Dm has a real and
an imaginary part: Dm = Dmr+ iDmi. Eliminating the
matching coefficients by using the continuity of the total
pressure, we have the dispersion relation for Dm = 0
ρi(ω
2 − ω2Ai)− ρe(ω2 − ω2Ae)
ki
ke
Qm
+
ipik2z
ρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
ρiρe(ω
2 − ω2Ai)(ω2 − ω2Ae)
Gm
ke
= 0,
(24)
where
Gm =
Km(keR)
K ′m(keR)
. (25)
We define Dmi as
Dmi =
piρiρek
2
z
keρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
(ω2 − ω2Ai)(ω2 − ω2Ae)Gm,
(26)
and Dmr as
Dmr = ρi(ω
2 − ω2Ai)− ρe(ω2 − ω2Ae)
(
ki
ke
)
Qm, (27)
which is the same as Eq. (7).
Due to resonant damping the wave frequency has
a real and an imaginary part: ω = ωr + iγm.
The imaginary part γm can be obtained by γm =
−Dmi/(∂Dmr/∂ω)|ω=ωr (e.g. Krall & Trivelpiece 1973;
Goossens et al. 1992) by assuming |γm| ≪ ωr.
The analytical formula for γm (see Appendix B) in the
slow (cusp) continuum is given as
γcm=−
piρek
2
z
keρc|△c|
(
v2
sc
v2
sc
+v2
Ac
)2
(ω2r − ω2Ai)(ω2r − ω2Ae)Gm
2ωr
[
1− χ( kike )Qm]− ωrχTm , (28)
where
Tm=ω
2
r(ω
2
r − ω2Ae)
(
ki
ke
){
(ω2r − 2ω2Ci)[Qm + kiRPm]
(ω2r − ω2si)(ω2r − ω2Ai)(ω2r − ω2Ci)
− (ω
2
r − 2ω2Ce)[Qm − keRSm]
(ω2r − ω2se)(ω2r − ω2Ae)(ω2r − ω2Ce)
}
, (29)
Pm=
(
I ′′m
Im
− I
′2
m
I20
)
Km
K ′m
, (30)
Sm=
(
1− K
′′
mKm
K ′2m
)
I ′m
Im
. (31)
For the sausage (m = 0) and kink (m = 1) modes in
the slow continuum we obtain
γc0=− piρek
2
z
keρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
(ω2r − ω2Ai)(ω2r − ω2Ae)G0
2ωr
[
1− χ( kike )Q0]− ωrχT0 ,
(32)
and
γc1=− piρek
2
z
keρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
(ω2r − ω2Ai)(ω2r − ω2Ae)G1
2ωr
[
1− χ( kike )Q1]− ωrχT1 .
(33)
A nonzero value of vAe has opposite effects on γ, since
it decreases the value of ω2Ci−ω2Ae in the numerator and
decreases the value of |∆c| in the denominator, which
may increase or decrease the damping rate depending
on the variation of the two factors. This equally applies
to the damping in the Alfve´n resonance.
3.3. Long wavelength limit (m = 0, 1)
We derived previously an analytical expression for
the damping rate of slow surface sausage mode in the
slow continuum in the long wavelength limit (Yu et al.
2017). Here we describe the result briefly. In the limit
kiR(keR)≪ 1, we obtain
γc0=−piρiρek
2
zR
ρc|△c|
(
v2sc
v2sc + v
2
Ac
)2
6× (ω
2
r − ω2Ai)(ω2r − ω2Ae) ln(keR)
2ωr
{
ρi − ρek
2
i
R2
2 ln(keR)
}
− ρeωrT0
,
(34)
where
T0=ω
2
r(ω
2
r − ω2Ae)
{
3
16
(ω2r − 2ω2ci)k4iR4 ln(keR)
(ω2r − ω2si)(ω2r − ω2Ai)(ω2r − ω2Ci)
+
(ω2r − 2ω2Ce)k2iR2
2(ω2r − ω2se)(ω2r − ω2Ae)(ω2r − ω2Ce)
}
. (35)
When ωr ≈ ωCi (kzR≪ 1) Eq. (34) becomes
γc0=
2piχ3
3|△c|R
ω5Ciω
2
si(ω
2
Ci − ω2Ae)3
ω10Ai
(kzR)
4 ln3(kzR),
(36)
where we have used ln(keR) ≈ ln(kzR).
Under photospheric (magnetic pore) conditions where
ωAe(ωCe) ≃ 0, Eq. (36) can be reduced to
γc0=
2piχ3
3|△c|R
ω11Ciω
2
si
ω10Ai
(kzR)
4 ln3(kzR). (37)
Likewise, using the approximations for G1, Q1, T1 used
in Sec. 3.5, we find for Eq. (33) under magnetic pore
conditions
γc1≈− pi
8|△c|R
ω7Cik
4
zR
4
ω4si
ωCi
4
ω4Ai
(
ω2Ai
χω2si
− 1
)−2
=− pi
8|△c|R
χ2ω11Cik
4
zR
4
ω4Ai(ω
2
Ai − χω2si)2
. (38)
For comparison of Eqs. (37) and (38), see Eq. (50).
3.4. Analytical solution for the damping rate of the
surface kink mode in the Alfve´n continuum
Considering the Alfve´n resonance, we have a disper-
sion relation from Eq. (22)
ρi(ω
2 − ω2Ai)− ρe(ω2 − ω2Ae)
ki
ke
Qm
+
ipim2
ρA|△A|r2A
ρiρe(ω
2 − ω2Ai)(ω2 − ω2Ae)
Gm
ke
= 0,
(39)
and the analytical formula for γm is given as
γAm=−
pim2ρe
keρA|△A|r2A
(ω2r − ω2Ai)(ω2r − ω2Ae)Gm
2ωr
[
1− χ( kike )Qm]− ωrχTm , (40)
where only the numerator is slightly changed when com-
pared with Eq. 28. From Eq. (39), it is inferred that no
resonant absorption in the Alfve´n continuum occurs for
the sausage waves since the imaginary part becomes zero
when m = 0.
For the surface kink mode (m = 1) in the Alfve´n con-
tinuum we obtain
γA1=− piρe
keρA|△A|r2A
(ω2r − ω2Ai)(ω2r − ω2Ae)G1
2ωr
[
1− χ( kike )Q1]− ωrχT1 .
(41)
3.5. Long wavelength limit (m = 1)
In the limit kiR(keR) ≪ 1, γA1 reduces to (see Ap-
pendix B), by using the asymptotic expansion of Q1, G1,
P1 and S1 (Eqs. (A5-A8)),
γA1=
piρeR
ρA|△A|r2A
× (ω
2
r − ω2Ai)(ω2r − ω2Ae)
2ωr
[
1 + χ
(
1 +
k2
i
R2
4
)]
− ωrχT1
,
(42)
where
T1=−ω2r(ω2r − ω2Ae)
{
(ω2r − 2ω2Ci)(kiR)2
2(ω2r − ω2si)(ω2r − ω2Ai)(ω2r − ω2Ci)
+
(ω2r − 2ω2Ce)[−(kiR)2/4 + (1 + 3 ln(keR))(keR)2]
(ω2r − ω2se)(ω2r − ω2Ae)(ω2r − ω2Ce)
}
.
(43)
For kzR ≪ 1 and ωr ≈ ωCi (using Eqs. (12)-(14)),
Eq. (42) is reduced to
γA1=
piχR
|△A|r2i
(ω2Ci − ω2Ai)(ω2Ci − ω2Ae)
2ωCi
[
1 +
ω2
Ci
ω2
Ai
ω2
si
(ω2
Ci
−ω2
Ae
)
]
− χωCiT1
,
(44)
where
T1=−8ω
2
siω
2
Ai(ω
2
Ci − ω2Ae)
ω6Cik
2
zR
2
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)2
, (45)
where we have left the most dominant term (see Ap-
pendix B). Due to the factor 1/(kzR)
2 in the denomina-
tor of Eq. (45), we may further reduce Eq. (44) into
γA1≈− pi
8|△A|R
ω7Cik
2
zR
2
ω4si
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)−2
,
(46)
where we have used ri ≈ R. For the photospheric (mag-
netic pore) conditions (ωAe, ωCe ≃ 0), we obtain
γA1=− pi
8|△A|R
ω7Cik
2
zR
2
ω4si
(
ω2Ai
χω2si
− 1
)−2
=− pi
8|△A|R
χ2ω7Cik
2
zR
2
(ω2Ai − χω2si)2
. (47)
For two slow surface modes in the long wavelength
limit, comparison of the above three resonant absorption
effects leads to the conclusion that the wave damping
7due to the Alfve´n resonance is stronger than that due
to the slow resonance:
γA1
γc0
=− 3
16χ
|△c|
|△A|
ω10Ai
ω2siω
4
Ci(ω
2
Ai − χω2si)2
1
k2zR
2 ln3(kzR)
,
(48)
γA1
γc1
=
|△c|
|△A|
ω4Ai
ω4Cik
2
zR
2
, (49)
γc0
γc1
=−16χ
3
ω2si(ω
2
Ai − χω2si)2 ln3(kzR)
ω6Ai
. (50)
These formulas provide a relative strength among three
different resonant absorptions for the surface sausage
and kink modes in the long wavelength limit such that
at kzR ≈ 0 the damping due to the Alfve´n resonance is
much stronger than due to the slow resonance and, for
the slow resonance, the resonant absorption for the slow
surface sausage mode is more stronger than for the slow
surface kink mode. These features are proven in Fig. 11.
In the figure, it is also shown that there is a crossover
between two curves for slow resonance and the curve for
Alfve´n resonance, after which the resonant damping of
the slow resonance dominates over that of the Alfve´n
resonance.
Caution is needed for using these formulae in the long
wavelength limit, given their limited validity range, as
we showed in Fig. 5 in Yu et al. (2017).
4. LINEAR PROFILES FOR THE DENSITY AND
PRESSURE
In this paper we consider a linear profile for the density
and pressure (or equivalently squared magnetic field) in
the non-uniform layer. For the linear density profile we
define ρ = ρi + (ρe − ρi)(r − ri)/(re − ri). The position
of resonance where resonant absorption occurs depends
on the wave frequency in the slow or Alfve´n continuum
(v = vC,A): r = r(v). We introduce a new variable
δ such that r = ri + δ(re − ri) in the transitional lay-
ers where 0 ≤ δ ≤ 1. That is δ = (r − ri)/(re − ri).
This makes it more convenient to derive the formula for
the position of resonance in terms of resonance (cusp
or Alfve´n) frequency. Then we can represent the den-
sity ρ as a function of δ such that ρ = ρi + δ(ρe − ρi).
Assuming also a linear variation of pressure p we may
set p = pi + δ(pe − pi) as like ρ, then it is straight-
forward to show that B2 also has a similar relation
B2 = B2i + δ(B
2
e − B2i ). In this way, the variables vs,
vA, and vC can be represented as (see Appendix C)
vs= vsi
√
1 + δ(χv2sei − 1)√
1 + δ(χ− 1) , (51)
vA= vAi
√
1 + δ(χv2Aei − 1)√
1 + δ(χ− 1) , (52)
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Figure 3. The profiles for vs, vA and vC as a function
of δ in the non-uniform (transitional) layer under magnetic
pore conditions when vAe = 0km/s, vAi = 12km/s, vse =
11.5km/s, vsi = 7km/s, vCe = 0km/s, and vCi ≈ 6.05km/s.
When vCi < v < vCm the slow body sausage modes can res-
onantly damp in the slow continuum where vCm is the max-
imum value of vC . When v < vCi the slow surface sausage
mode can resonantly damp in the slow continuum. The slow
surface kink mode may resonantly damp both in the slow
continuum and in the Alfve´n continuum whilst the fast sur-
face kink mode undergoes resonant absorption in the Alfve´n
continuum. There is no resonant absorption for the sausage
modes in the Alfve´n continuum when the external magnetic
field is along the tube axis (no azimuthal component) as con-
sidered in this paper.
v2C =
v2siv
2
Ai
v2si[1 + δ(χv
2
sei − 1)] + v2Ai[1 + δ(χv2Aei − 1)]
× [1 + δ(χv
2
sei − 1)][1 + δ(χv2Aei − 1)]
1 + δ(χ− 1) , (53)
where v2sei = v
2
se/v
2
si and v
2
Aei = v
2
Ae/v
2
Ai.
In Fig. 3 we plot vs, vA, and vC under the magnetic
pore condition where vAe = 0km/s, vAi = 12km/s,
vse = 11.5km/s, and vsi = 7km/s. The parameters
inside the magnetic pore are taken from Grant et al.
(2015) and those outside the magnetic pore are typical
values of the photosphere. Note that the cusp speed vC
covers some range of slow body and slow surface modes,
so resonant absorption can occur for both slow surface
and slow body sausage modes in the slow continuum and
for slow body kink modes in the Alfve´n continuum.
Since the value of δ is not obtainable from observations
with current resolution of the instruments, we need to
find the expression for δ in terms of vC or vA (see e.g.
Soler et al. 2009). From Eq. (53) we derive the quadratic
formula for δ(= δc) with respect to vC
Aδ2 +Bδ + C = 0, (54)
where
A=1 +
v2C
v2Ci
(χ− 1) + χ
[
v2C
v2Ci
− (v2sei + v2Aei)
]
8−χ2
(
v2C
v2Ci
− v2seiv2Aei
)
, (55)
B=2
(
v2C
v2Ci
− 1
)
− χ
[
v2C
v2Ci
(
1 +
v2se + v
2
Ae
v2si + v
2
Ai
)
−(v2sei + v2Aei)
]
, (56)
C=1− v
2
C
v2Ci
, (57)
which yields two solutions (see the curve vC in Fig. 3):
δc1=− B
2A
+
√
B2 − 4AC
2A
(0 < δc1 ≤ δm), (58)
δc2=− B
2A
−
√
B2 − 4AC
2A
(δm < δc2 ≤ 1), (59)
where δm is the value of δ when v has a maximum value
vCm (here δm ≈ 0.26, vCm ≈ 0.93vsi for the magnetic
pore condition). When 0 < δ(= δc1) < δm vC is from
vCi to vCm. When δm < δ(= δc2) < 1, vC is from vCm
to vCe.
As a result, △c is given as (see Appendix C)
△c=−
(
ω2C
l
){
(χv2sei − 1)
1 + δc(χv2sei − 1)
− (χ− 1)
1 + δc(χ− 1)
+
(χv2Aei − 1)
1 + δc(χv2Aei − 1)
(60)
− v
2
si(χv
2
sei − 1) + v2Ai(χv2Aei − 1)
v2si[1 + δc(χv
2
sei − 1)] + v2Ai[1 + δc(χv2Aei − 1)]
}
,
where ωC = ωC(δ = δc) and δc = δc1, δc2
For the slow surface sausage mode to resonantly damp,
v(= ωr/kz) should be below vCi, which means that only
δc2 satisfies this condition. For the slow body sausage
modes to undergo resonant damping, both solutions are
needed because for vCi < v < vCm resonant absorption
occurs at two resonance positions δc1 and δc2.
From Eq. (52) we derive a formula for δ(= δa) with
respect to vA
δa =
1− (vA/vAi)2
1− (vA/vAi)2 + χ[(vA/vAi)2 − vAei] . (61)
Then △A becomes (see Appendix C)
△A=−
(
ω2A
l
){
χv2Aei − 1
1 + δa(χv2Aei − 1)
− χ− 1
1 + δa(χ− 1)
}
,
(62)
where ωA = ωA(δ = δa). The resonant position rA can
be written in terms of δa as rA = R+ l(δa− 0.5), which
we use in the calculation of Eq. (41) and Eq. (44).
5. RESULTS
We have considered the linear density and linear pres-
sure (squared magnetic field) profiles for the transitional
layer given in Sec. 4. We first deal with resonant ab-
sorption in the slow continuum. In Fig. 4, by using an
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Figure 4. The analytical formula for the damping rate
−γc0/ωr, Eq. (32), versus (a) kzR and (b) v/vsi(= ω/ωsi)
for the slow sausage surface mode (sss) where l/R = 0.1,
vAe = 0km/s, vAi = 12km/s, vse = 11.5km/s, vsi = 7km/s,
βi = (2/γ)(vsi/vAi)
2 = 0.4083 and βe = (2/γ)(vse/vAe)
2 =
∞. The linear profiles for the density and pressure consid-
ered in Sec. 4 are used.
analytical formula, Eq. (32), we plot the damping rate
−γc0/ωr for the slow surface sausage (sss) mode as a
function of (a) kzR and (b) v/vsi when l/R = 0.1. The
parameters for each phase speed are described in the
caption. The damping rate −γc0/ωr increases as kzR
increases and as v/vsi decreases. If we take kzR = 5,
−γc0/ωr ≈ 0.023, then the ratio of damping time to the
period τD/T is (1/|γc0|)/(2pi/ωr) = 1/(2pi|γc0|/ωr) ≈
6.825, which is a bit larger than the typical value for the
resonant damping of the kink mode (2-4). This result
could mean, contrary to previous interpretation, that
the slow continuum may play a key role in the decay of
the slow sausage mode and heating the lower chromo-
sphere in certain situations. Although Eq. (32) is valid
for a small damping (|γm| ≪ ωr), it is necessary to check
its validity range by comparing with the numerical so-
lution of Eq. (24).
We compare the above analytical result with the
numerical result. To obtain the analytical solution
(Eq. (32)) we previously put ωr(v) equal to the eigen-
frequency of the undamped situation (i.e. l/R = 0).
But in practice, the inclusion of the transitional layer
(resonant layer) modifies both the real part ωr and the
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Figure 5. (a) The phase speed of the slow surface sausage
(sss) mode v/vsi versus kzR. We compare the solution of
Eq. (9) (solid line) without an inhomogeneous (transitional)
layer with the solutions (dashed, dotted, dashed-dotted, and
short-dashed lines) of Eq. (24) with the transitional layer in-
troduced in Sec. 4 when l/R = 0.1, 0.2, 0.3, 0.4. The other
parameters are the same as in previous figures. Each solu-
tion curve above the dotted line (vCi) corresponds to the one
of body modes. (b) The damping rate −γc0/ωr versus kzR
corresponding to curves in (a). The analytical approxima-
tions (dotted lines), Eq. (32), are compared to the numerical
solutions (solid lines), Eq. (24), for m = 0. As l/R increases,
the curve of the numerical solution shifts to the left while
decreasing. The analytical and numerical solutions for each
l/R converge when the value of kzR approach zero. (c) The
ratio of the damping time to the period τD/T (logarithmic
scale) versus kzR. The position of the dip shifts to the right
as l/R decreases and its value tends to approximately ap-
proach 10.5.
imaginary part γc0 of the wave frequency. In Fig. 5 (a)
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Figure 6. (a) v/vsi versus l/R for the slow surface sausage
(sss) mode when kzR = 0.5, 1, 2, 4, 8. The other parame-
ters are the same as in previous figures. Each solution curve
above the dotted line (vCi) corresponds to the one of body
modes. For larger kzR, as l/R increases the wave frequency
approaches ωCi(vCi). (b) The damping rate −γc0/ωr versus
l/R. Each curve has a local peak whose position shifts to
a smaller l/R as kzR increases, resulting in higher damping
rate. (c) τD/T (logarithmic scale) versus l/R. For suffi-
ciently large value of kzR, it has a local dip which moves to
smaller l/R as kzR increases.
we show the l/R-dependent behavior of ωr as a function
of kzR. As l/R increases, ωr shifts upward into a higher
frequency, crossing over the frequency corresponding to
ωCi(vCi) at some value of kzR. By crossing over it, it
gets into the regime of the body modes and Eq. (24) is
no longer valid. We need to solve the connection formula
for the body modes here. For the body mode, multiple
eigenmodes and, as a result, multiple different damping
10
rates for each kzR are obtainable. We plot one solution
curve for each l/R in the frequency regime of the body
mode (above the line vCi) in the figure, by connecting
the surface mode.
In Fig. 5 (b), we plot the damping rate −γc0/ωr for
l/R = 0.1, 0.2, 0.3, 0.4. For each value of l, the numerical
solution has a local peak at a certain value of kzR while
the analytical solution looks like a quadratic function
of kzR. A similar behavior of having a local maximum
was found for the kink mode considering a linear density
profile (Soler et al. 2013). As the value of l/R becomes
smaller, the peak position moves to higher values of kzR
along with the increment of the maximum value of the
damping rate. When l/R = 0.1, the maximum value
of the damping rate is −γ0/ωr ≈ 0.01, which results in
τD/T ≈ 14.11. Although this ratio is large compared
to the typical values (2-4) observed for the kink modes
and the corresponding value of the analytical solution,
it is not ignorable as previously expected and could be
effective for wave damping. When the curve of phase
speed crosses over the line vCi, the curve and the rel-
evant damping rate correspond to body modes. As we
have explained in Fig. 5 (a), in the body mode range
vCi < v < vsi, multiple damping rates are obtainable.
In the figure we plot only one solution curve of the body
modes, which connects the surface sausage mode below
the line vCi. We apply the same procedure to slow body
kink modes.
In Fig. 5 (c), we plot the ratio of the damping time
to the period τD/T (= 1/(2pi(−γc0/ωr))) for l/R =
0.1, 0.2, 0.3, 0.4. It has an inverse relation with the
damping rate by its definition. It has a dip where the
damping is most strong, which moves to the left as l/R
increases. As l/R decreases, the minimum value (value
at the dip) of τD/T gradually approaches about 10.5.
From the seismological point of view, the thickness of
the transitional layer can be inferred from the damping
time of the excited wave modes. So, the relation between
damping rate (time) and the thickness is of interest. In
Fig. 6, we see the l/R dependence of (a) the phase speed
(eigenfrequency) v/vsi, (b) damping rate −γc0/ωr and
(c) the ratio of the damping time to the period τD/T
by using Eq. (24). When kzR is small the frequency
monotonically increase, but for kzR > 1 it reaches a lo-
cal peak and then decreases. For large kzR the wave
frequency approaches ωCi(vCi) as l/R increases. The
damping rate is in proportion to l/R when kzR is small.
As kzR increases the curve tends to have a local peak.
The curve becomes sharper with an increment as kzR
increases and the position of the peak shifts to smaller
values of kzR. This represents that the damping is ef-
ficient when kzR is large and l/R is small. The ratio
of damping time to the period reveals the opposite be-
havior to the damping rate as inferred from its defini-
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Figure 7. (a) The phase speed of the slow surface kink
(ssk) mode v/vsi versus kzR. We compare the solution of
Eq. (9) (solid line) without an inhomogeneous (transitional)
layer with the solutions (dashed, dotted, dashed-dotted, and
short-dashed lines) of Eq. (24) with the transitional layer in-
troduced in Sec. 4 when l/R = 0.1, 0.2, 0.3, 0.4. The other
parameters are the same as in previous figures. The solu-
tion curve above the dotted line (vCi) correspond to the one
of slow body kink modes. (b) The damping rate −γc1/ωr
versus kzR. The analytical approximations (dotted lines),
Eq. (33), are compared to the numerical solutions (solid
lines), Eq. (24), for m = 1. As l/R increases the curve of the
numerical solution shifts to the left while decreasing. The an-
alytical and numerical solutions for each l/R converge when
the value of kzR approaches zero. (c) The ratio of damping
time to period τD/T (logarithmic scale) versus kzR. The
features in (a), (b) and (c) are very similar to those of the
slow surface sausage mode (Fig. 5).
tion. From the figure it is anticipated that τD/T could
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reach around 10 when the magnetic flux tube is very
thin. From the behavior of the l/R-dependent damping
rate, resonant absorption and the relevant damping of
the slow surface sausage mode in the slow continuum
would become significant for thinner transitional layers
and for waves with small longitudinal wavelength.
We point out that for phase speeds larger than vCi
which corresponds to slow body sausage mode, one solu-
tion curve connected to the slow surface sausage mode is
plotted for each kzR where one resonance point (δ = δc2)
is considered as in the previous figure. We postpone
a detailed study on resonant absorption of slow body
modes to the future.
Together with the slow surface sausage (sss) mode,
the slow surface kink (ssk) mode can undergo resonant
absorption in the slow continuum. In Fig. 7, we plot the
kzR dependence of the (a) phase speed, (b) damping
rate, and (c) ratio of the damping time to the period for
l/R = 0.1, 0.2, 0.3, 0.4. The deviation of the phase speed
and damping rate from the l/R = 0 case appears very
similar to the case of the slow surface sausage mode.
As l/R increases the phase speed shifts upward crossing
the line vCi entering into the body mode range. The
curve of the damping rate decreases as l/R increases
and the peak position moves to smaller kzR values.
Soler et al. (2009) obtained a similar curve for the kink
modes in solar filaments/prominence. They showed that
for l/R = 0.2, τD/T ≈ 1000 as a minimum value, while
our result gives it is about 19. The effect of the slow
resonance on the wave damping is significant under pho-
tospheric conditions.
In Fig. 8, we plot the l/R dependence of the (a) phase
speed, (b) damping rate and (c) ratio of the damping
time to the period for the slow surface kink mode when
kzR = 0.5, 1, 2, 4, 8. All the features explained for Fig. 6
can apply here. The difference of resonant absorption in
the slow continuum between the slow surface mode with
m = 0 and one with m = 1 is small (see Fig. 11). Like
as in previous two figures for the slow surface sausage
modes, in Figs. 7 and 8, the damping rate (time) for one
of the slow body kink modes is plotted by connecting the
slow surface kink mode when the phase speed is above
vCi.
While the slow surface sausage mode have no reso-
nant absorption in the Alfve´n continuum since there is
no azimuthal magnetic field in the equilibrium, we have
two resonant absorptions for slow and fast surface kink
modes in the Alfve´n continuum. In Fig. 9, we show
the (a) phase speed v/vsi, (b) damping rate −γc1/ωr,
(c) ratio of the damping time to the period τD/T for
the slow surface kink mode as a function of kzR when
l/R = 0.1, 0.2, 0.3, 0.4. We use Eq. (39) for numerical
results and Eq. (41) for analytical results. The wave fre-
quency has little dependence on the l/R, slightly shift-
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Figure 8. (a) The phase speed of the slow surface kink (ssk)
mode v/vsi versus l/R. We show the l/r-dependent variation
of the wave frequency when kzR = 0.5, 1, 2, 4, 8. The solu-
tion curve above the dotted line (vCi) correspond to the one
of slow body kink modes. For larger kzR, as l/R increases
the wave frequency approaches ωCi(vCi). (b) The damping
rate −γc1/ωr versus l/R. Each curve has a local peak whose
position shifts to a smaller l/R as kzR increases, resulting
in higher damping rate. (c) The ratio of damping time to
the period τD/T (logarithmic scale) versus l/R. For suffi-
ciently large value of kzR, it has a local dip which moves to
smaller l/R as kzR increases. The features in (a), (b), and
(c) are very similar to those of the slow surface sausage mode
(Fig. 6).
ing upward as l/R increases. When l/R = 0.1 it is hard
to distinguish from the original dispersion curve. The
damping rate shows an increasing and then decreasing
behavior having a local maximum (peak) at kzR ≈ 2,
similar to the behavior of the slow surface sausage mode.
As l/R increases, the damping rate increases in the
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Figure 9. (a) The phase speed v/vsi of the slow surface
kink (ssk) mode versus kzR. We compare the solution of
Eq. (9) (solid black line) without an inhomogeneous (tran-
sitional) layer with the solutions (dashed, dotted, dashed-
dotted, short-dashed lines) of Eq. (39) with the transitional
layer introduced in Sec. 4 where l/R = 0.1, 0.2, 0.3, 0.4. The
other parameters are the same as in previous figures. The
wave frequency shifts upwards with little changes as l/R in-
creases, which is different from the sausage mode. (b) The
damping rate −γA1/ωr of the slow surface kink mode in the
Alfve´n continuum versus kzR. The analytical approxima-
tions (Eq. (41), dashed lines) are compared to the numerical
solutions (Eq. (39), solid lines) for m = 1. As l/R increases
the damping rate increases over all the range of kzR and the
peak position moves to the right. The analytical solutions
are well consistent with the numerical solutions where the
deviation, which is still small, increases as l/R increases. (c)
The ratio of the damping time to the period τD/T (logarith-
mic scale) versus l/R: numerical calculations, Eq. (39).
whole range of kzR and the peak position shifts grad-
ually to the right in the figure. It is worth to notice
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.845
0.850
0.855
0.860
0.865
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.000
0.002
0.004
0.006
0.008
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
10
100
1000
4
3
2
6
(c)
(b)
10
8
1
 
 
v/
v s
i (
=
r/
si
)
l/R
kzR=0.5
 
 
-
A1
/
r
l/R
kzR
 0.5
 1
 3
 6
 8
 10
 
 
D
/T
l/R
kzR
 0.5
 1
 3
 6
 8
 10
(a)
Figure 10. Numerical calculations of resonant absorption
for the slow surface kink (ssk) mode in the Alfve´n con-
tinuum : Eq. (39). (a) v/vsi versus l/R when kzR =
0.5, 1, 2, 3, 4, 6, 8, 10. As l/R increases the frequency shifts
gradually upward. The l/R-dependent frequency shift is
small, as for the kzR dependence. (b) −γA1/ωr versus l/R
when kzR = 0.5, 1, 3, 6, 8, 10 (numerical calculation, Eq. 39).
Each curve increases monotonically as l/R increases. For
kzR < 3 the damping rate increases gradually in the whole
range of l/R and after kzR ≈ 3 it decreases. (c) τD/T (log-
arithmic scale) versus l/R. The damping effect becomes sig-
nificant as l/R increases, while being most strong at kzR ≈ 3.
that the analytic results are very close to the numerical
result, which means that the analytic formula, Eq. (41),
is a valid approximation for the resonant damping of
the slow surface kink mode in the Alfve´n continuum in
all the range of kzR. The deviation of the numerical
result from the analytical one becomes larger as l/R
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increases. To compare with the slow surface sausage
mode, the effect of the resonant damping on the slow
surface kink mode looks much weaker than that of the
slow surface sausage mode for small l/R (See Fig. 11 in
more detail). The damping time over the period also
appears to have a dip which goes down as l/R increases,
which is opposite to the two cases for the slow reso-
nance. On the contrary, its behavior for the prominence
reported by Soler et al. (2009) is very different where for
l/R = 0.2 the damping time over the period was shown
to not change from about 5 until kzR increases up to 0.1,
after which it increases rapidly as kzR increases. When
l/R = 0.2, we have τD/T ≈ 100 as a minimum value.
It was shown by Soler et al. (2009) that in the solar fil-
aments/prominences, the wave damping due to Alfve´n
resonance is stronger than due to the slow resonance,
which is reversed in the photospheric environment.
In Fig. 10, we show the l/R-dependent behavior of
the slow surface kink mode by numerical calculation
(Eq. (39) for m = 1) when kzR = 0.5, 1, 2, 3, 4, 6, 8, 10.
It is found that (a) the phase speed has a small mono-
tonic increment for each kzR, similar to kzR depen-
dence. In (b) the damping rate is shown to increase
as a function of l/R. The damping rate first increases
as kzR increases up to about 3 and then decreases again,
in the whole range of l/R. It has a maximum value at
kzR ≈ 3. As a result, (c) the ratio of the damping time
to the period τD/T has a minimum at kzR ≈ 3. For the
slow surface kink mode, it is expected that resonant ab-
sorption is most strong when kzR ≈ 3 and l/R is large.
The value of τD/T reaches about 21.6 when kzR = 3
and l/R = 2.
In our model configuration, the slow and Alfve´n con-
tinua do not overlap in the transitional layer. Hence
when a wave is damped, it is either in the slow contin-
uum or Alfve´n continuum. There is no combination of
the two resonant damping effects. If the two resonances
overlap in the transitional layer, a combined effect could
change the results for the slow surface kink mode, requir-
ing further investigations.
We can think of the situation that two slow surface
modes are excited simultaneously with the same ampli-
tude since two modes are in the same frequency range.
In Fig. 11, we compare the three resonance effects: slow
resonance on the slow surface sausage and slow surface
kink modes and Aflve´n resonance on the slow surface
kink mode when l/R = 0.1. The two slow surface modes
undergo a similar damping process in the slow resonance
while the effect of resonant damping for slow surface
kink mode in the Alfve´n continuum is quite small. As
predicted from Eqs. (48) and (49), when kzR ≪ 1, the
damping effect in the Alfve´n continuum is bigger than
the damping effect in the slow continuum. As kzR in-
creases the role of the two resonant effects is reversed
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Figure 11. Comparison of the damping rate −γc0/ωr,
−γc1/ωr, and −γA1/ωr as a function of kzR when l/R = 0.1.
Solid black lines represent numerical results while dotted red
lines analytical results. For a small kzR, both analytical
approximation and numerical result show that the resonant
damping of the slow surface kink (ssk) mode in the Alfve´n
continuum is stronger than that of the slow surface sausage
(sss) and kink (ssk) modes in the slow resonance. There is a
crossover between damping rate due to the Alfve´n resonance
and one due to slow resonance at certain values of kzR. This
feature is valid regardless of the value of l/R. The analytical
calculations of slow surface sausage and kink modes under-
going the slow resonance converge to the numerical results
when kzR goes to zero. On the contrary, the analytical so-
lution of the slow surface kink mode undergoing the Alfve´n
resonance is almost the same as the numerical result.
and the difference increases until the damping rate in
the slow continuum reaches a maximum. There is a
crossover at kzR ≈ 0.6 and kzR ≈ 0.78. This feature
maintains regardless of the value of l/R. If two slow
modes are excited concurrently with a small longitudi-
nal wavelength (kzR > 1), the slow surface kink mode
would survive much longer than the slow surface sausage
mode when ignoring other dissipation effects. As in-
ferred from Eq. (50), it is also shown in the figure that
the slow surface sausage mode is more easily damped
than the slow surface kink mode in the slow continuum
in the long wavelength limit.
Considering resonant absorption of the fast surface
kink mode in the Alfveˆn continuum, we find that the
absorption behavior is different from that of the slow
surface kink mode. It is shown in Fig. 12 (a) that the
phase speed shifts downward as l/R increases where
l/R = 0.1, 0.2, 0.3, 0.4, which is opposite to the case
of the slow surface kink mode. The value of the shift
is small, but increases gradually as l/R increases. In
Fig. 12 (b), the damping rate approaches its maximum
as kzR goes to zero and monotonically decreases as kzR
becomes large from zero. This feature can be inferred
from that the denominator of Eq. (41) is proportional
to k2zR
2 when kzR is small. The resonance effect for
the fast surface kink mode is much bigger in compari-
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Figure 12. Numerical calculations of resonant absorption
for the fast surface kink (fsk) mode in the Alfve´n continuum
: Eq. (39). (a) The phase speed v/vsi of the fast surface kink
(fsk) mode versus kzR. We compare the solution of Eq. (9)
(fsk, solid black line) without an inhomogeneous (transi-
tional) layer with the solutions (dashed, dotted, dashed-
dotted, short-dahsed lines) of Eq. (39) with the transitional
layer introduced in Sec. 4 where l/R = 0.1, 0.2, 0.3, 0.4. The
wave frequency shifts downwards with small changes as l/R
increases. The amount of shift is becomes larger as kzR ap-
proaches zero. These curves are convergent when kzR goes
to infinity. (b) The damping rate −γA1/ωr of the fast sur-
face kink mode in the Alfve´n continuum versus kzR. As l/R
increases the damping rate increases over the whole range
of kzR. Solid lines are obtained from Eq. (39) and dotted
lines from Eq. (41). (c) The ratio of the damping time to the
period τD/T versus l/R: numerical calculations, Eq. (39).
son with the slow surface kink mode, leading to a strong
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Figure 13. Numerical calculations for the fast surface kink
(fsk) mode: Eq. (39). (a) v/vsi versus l/R. We show
the l/r-dependent variation of the wave frequency when
kzR = 0.5, 1, 2, 4, 6, 8, 10. The other parameters are the
same as in previous figures. As l/R increases the frequency
shifts gradually downward. The l/R-dependent frequency
shift is big for small kzR and decreases as kzR increases.
(b) −γA1/ωr versus l/R when kzR = 0.5, 1, 2, 4, 6, 10. Each
curve increases monotonically as l/R increases reaching a
plateau for large l/R. (c) τD/T (logarithmic scale) versus
l/R. The damping effect becomes significant for smaller kzR
and larger l/R.
wave damping like as under coronal conditions. The dif-
ference between analytical and numerical results grows
proportionally to l/R, similar to the case of the slow sur-
face kink mode. In Fig. 12 (c), the ratio of the damping
time to the period is shown to increase as kzR increases
and as l/R increases. The damping effect due to reso-
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nant absorption is most strong when kzR ≈ 0 and l/R
is large.
In Fig. 13, we present the l/R dependence of the
(a) phase speed, (b) damping rate, and (c) ratio
of the damping time to the period when kzR =
0.5, 1, 2, 4, 6, 8, 10. The phase speed decreases as l/R
increases where the degree of change is big when kzR
is small and becomes small as kzR increases. It also
shows small deviations when l/R is small, which means
that the phase speed (or wave frequency) does not vary
much for thin transitional layers. The behavior of the
damping rate has a similar dependence on l/R with the
slow surface kink mode. There is no non-monotonic be-
havior with respect to kzR, which appears for the slow
surface kink mode. It is remarkable that the ratio of
the damping time to the period can reach below 1 when
kzR is small and l/R is sufficiently large, which means
that resonant absorption of the fast surface kink mode is
very strong even under photospheric conditions although
the result is based on the restricted assumption of thin
transitional layers. The change of resonant absorption
becomes small when l/R > 1.
6. CONCLUSION
In a recent paper, we derived a general analytical for-
mula (Eq. (28)) for the damping rate of the slow sur-
face sausage mode in the slow continuum by consider-
ing the thin boundary (TB) approximation (Yu et al.
2017). In this paper we have focused on resonant ab-
sorption both in the slow and Alfve´n continua under
photospheric conditions, considering linear density and
pressure (or squared magnetic field) profiles in the tran-
sitional layers. In order to study resonant absorption in
the Alfve´n continuum we have applied the same proce-
dure to obtain Eq. (28) and derived another analytical
formula, Eq. (40).
In Yu et al. (2017), we have applied Eq. (28) to the ob-
servational rapid damping of slow surface sausage mode
in Grant et al. (2015). For the conventional magnetic
pore R ≈ 0.5 − 3Mm and kz = 2pi/λz = 2pi/4400km,
which yields kzR ≈ 0.7 − 4.3. For kzR = 4.3 and
l/R = 0.5, our previous study based on the assump-
tion of a linear cusp speed yields −γc0/ωr = 0.0089 and
τD/T ≈ 17.9. This value is reduced by a factor about 10
by using the linear density and linear pressure profiles
in the transitional layer considered in this paper. This
result implies that resonant absorption in the slow con-
tinuum could be efficient as a wave damping mechanism
in the lower solar atmosphere. Another important point
to mention is that resonant absorption is sensitive to the
profiles of the physical quantities in the nonuniform lay-
ers. These analytical approximations predict that the
damping rate increases as l/R and kzR increase, but
the numerical calculations show that it has a maximum
value depending on both l/R and kzR. The peak posi-
tion shifts toward smaller kzR values while decreasing its
strength as l/R increases. For example, when l/R = 0.1,
−γc0/ωr = 0.01128, then τD/T ≈ 14.11. Although this
value seems quite big in comparison with the strong
(rapid) damping, τD/T ≃ 2 − 4, of the fast kink modes
in the Alfve´n continuum under coronal conditions, the
resonant damping due to slow resonance could still be an
efficient wave damping mechanism. Although we found
that resonant absorption in the slow continuum is an
efficient mechanism, this effect is too weak to explain
the extremely rapid damping of the slow surface sausage
mode observed by Grant et al. (2015). Other damping
mechanism like, e.g., thermal conduction is needed.
The slow surface kink mode can resonantly damp both
in the slow and Alfve´n continua. Its behavior in the slow
continuum is very similar to the above features of the
slow surface sausage mode. Therefore a similar wave
damping due to resonant absorption in the slow con-
tinuum is expected for these two slow surface modes
(m = 0, 1).
For resonant absorption in the Alfve´n continuum, it
is found that the resonant damping manifests in a dif-
ferent way for each slow and fast surface kink modes.
For the slow surface kink mode, the damping rate draws
a curve as a function of kzR having a local maximum
(peak) at a certain kzR and is proportional to l/R re-
gardless of the value of kzR. The l/R dependence of
the damping time looks like following a power law when
l/R is small. The damping effect is most strong when
kzR ≈ 3 and l/R = 2. When kzR = 3 and l/R = 2,
−γA1/ωr ≈ 0.0735, which gives τD/T ≈ 21.6. For the
fast surface kink mode, the damping rate is a monoton-
ically decreasing function of kzR and a monotonically
increasing function of l/R. It becomes stronger as kzR
goes to zero and l/R increases. It is shown that the
damping of the fast surface kink mode due to the reso-
nance in the Alfve´n continuum could be very rapid in the
photosphere as much as in the corona. For these kink
modes, contrary to the slow surface sausage mode, the
analytical approximations agree well with the numerical
calculations.
Comparing resonant absorption of two slow surface
modes, we could say that the strength of resonant ab-
sorption in the slow resonance is higher than that in
the Alfve´n resonance except when kzR is very small.
This relation is reversed as kzR increases. For a small
value of kzR (long wavelength limit), we have derived
analytical approximate formulas for three kink of reso-
nant absorption and compared their relative strengths
(Eqs. (48)-(50)), which are well consistent with the nu-
merical results.
Our study has dealt with only linear profiles for the
density and pressure leaving a possibility of a higher
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damping rate for other certain profiles, for example, as
shown by Soler et al. (2013) that linear, parabolic, and
sinusoidal density profiles induce different behavior of
damping rate for the kink mode under coronal condi-
tions.
There is indeed a warning of using the obtained
results for the thick transitional layers, as, e.g.,
Van Doorsselaere et al. (2004) pointed out that the thin
tube thin boundary (TTTB) approximation induces sig-
nificant deviation from exact numerical solutions up to
25% for the coronal loop oscillations. As we considered
only an inhomogeneity in the radial direction, the strati-
fication in the longitudinal direction (e.g. Andries et al.
2005; Arregui et al. 2005; Dymova & Ruderman 2006)
or azimuthal direction may as well affect the resonant
absorption behavior. Since the magnetic fluxes in the
lower solar atmosphere are highly structured, the exten-
sion of the existing analytic approach of 1 dimensional
resonant absorption to 2 or 3 dimensions is critical. An-
other subject we would mention is the resonant behavior
of the body modes for m = 0, 1, which we leave as a fu-
ture study.
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spo), GOA-2015-014 (KU Leuven), and European Re-
search Council (ERC) under the European Union’s Hori-
zon 2020 research and innovation programme (grant
agreement No 724326)
APPENDIX
A. SURFACE MODE
For the surface mode with m = 1 we have
G1=
K1(keR)
K ′1(keR)
=
−2K1
K0 +K2
, (A1)
Q1=
I ′1(kiR)K1(keR)
I1(kiR)K ′1(keR)
=
(
I0 + I2
2I1
)( −2K1
K0 +K2
)
=− K1(I0 + I2)
I1(K0 +K2)
, (A2)
P1=
(
I ′′1
I1
− I
′2
1
I21
)
K1
K ′1
=
(
3I1 + I3
4I1
− (I0 + I2)
2
4I21
) −2K1
K0 +K2
, (A3)
S1=
(
1− K
′′
1K1
K ′21
)
I ′1
I1
=
[
1− (3K1 +K3)K1
(K0 +K2)2
]
I0 + I2
2I1
. (A4)
For the case kiR(keR) < 1 (first order approximation)
we derive
G1≈
1
keR
− 14 + 12 [ln(keR2 ) + γe]
− 1(keR)2 + 14 + 12 [ln(keR2 ) + γe]
≈−keR, (A5)
Q1≈
(
1
kiR
+
kiR
4
)
(−keR) = −
(
ke
ki
+
kikeR
2
4
)
, (A6)
P1≈−keR
(
I ′′1
I1
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1
I21
)
≈−keR
[ 3
2kiR
2kiR
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1
kiR
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kiR
4
)2]
=−keR
[
3
4
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1
kiR
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4
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≈−keR
(
1
4
− 1
(kiR)2
)
, (A7)
S1=
(
1− K
′′
1K1
K ′21
)
I ′1
I1
≈ 1
kiR
(
1− K
′′
1
K ′21
)
=
1
kiR
{
1−
(
2
(keR)3
+ 12keR +
keR[−5+12(ln(keR/2)+γe)]
32
)
(− 1(keR)2 + 1+2(ln(keR/2)+γe)4 )2
×
(
1
keR
+
keR[−1 + 2(ln(keR/2) + γe)]
4
)}
≈ 1
kiR
{
1− (2 +
(keR)
2
2 )(1 +
(keR)
2
4 (−1 + 2f))
1− (keR)22 (1 + 2f)
}
≈ 1
kiR
[
1− 2 + f(keR)
2
1− (keR)22 (1 + 2f)
]
≈ 1
kiR
[
1− (2 + (keR)2(1 + 3f))
]
=−1 + [1 + 3(ln(keR/2) + γe)](keR)
2
kiR
≈−1 + [1 + 3 ln(keR)](keR)
2
kiR
, (A8)
where γe is the Euler’s constant and, for S1, f =
ln(keR/2) + γe is used.
For the m = 0 case, see Appendix A in Yu et al.
(2017).
B. DAMPING RATE FOR THE SURFACE MODE
Here we briefly summarize the procedure to obtain
the damping rate −γm/ωr (see Yu et al. 2017). In or-
der to calculate γm we need to derive the expression
for ∂Dmr/∂ω where ω should be in the slow (cusp) or
Alfve´n continuum. We have
∂Dmr
∂ω
=2ρiω − 2ωρe
(
ki
ke
)
Qm
−ρe(ω2 − ω2Ae)
(
1
ke
dki
dω
− ki
k2e
dke
dω
)
Qm
−ρe(ω2 − ω2Ae)
(
ki
ke
)
dQm
dω
. (B9)
For dki/dω and dke/dω we obtain
dki
dω
=− ω
3
v2si + v
2
Ai
(ω2 − 2ω2Ci)
(ω2 − ω2Ci)2ki
, (B10)
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dke
dω
=− ω
3
v2se + v
2
Ae
(ω2 − 2ω2Ce)
(ω2 − ω2Ce)2ke
. (B11)
For dQm/dω we obtain
dQm
dω
=R
(
I ′′m
Im
− I
′2
m
I2m
)
K0
K ′0
dki
dω
+R
(
1− K
′′
mKm
K ′2m
)
I ′m
Im
dke
dω
,
(B12)
where the prime means the derivative with respect to
the entire argument.
By means of Eqs. (B10) and (B11), Eq. (B12) be-
comes
dQm
dω
=
kiRPmω
3(ω2 − 2ω2Ci)
(ω2 − ω2si)(ω2 − ω2Ai)(ω2 − ω2Ci)
+
keRSmω
3(ω2 − 2ω2Ce)
(ω2 − ω2se)(ω2 − ω2Ae)(ω2 − ω2Ce)
(B13)
where Pm and Sm are
Pm =
(
I ′′m
Im
− I
′2
m
I2m
)
Km
K ′m
, (B14)
Sm =
(
1− K
′′
mKm
K ′2m
)
I ′m
Im
. (B15)
Using Eqs. (B10), (B11), and (B13) we have for
∂Dmr/∂ω(= dDmr/dω)
dDmr
dω
=2ρiω − 2ωρe
(
ki
ke
)
Qm
−ρeω3(ω2 − ω2Ae)
(
ki
ke
)
× (ω
2 − 2ω2Ci)
[
Qm + kiRPm
]
(ω2 − ω2si)(ω2 − ω2Ai)(ω2 − ω2Ci)
+ρeω
3(ω2 − ω2Ae)
(
ki
ke
)
× (ω
2 − 2ω2Ce)
[
Qm − keRSm
]
(ω2 − ω2se)(ω2 − ω2Ae)(ω2 − ω2Ce)
.
(B16)
Then the imaginary term γm for the surface wave in
the slow (cusp) continuum is
γm=− Dmi∂Dmr
∂ω
∣∣∣∣
ω=ωr
=−
piρek
2
z
keρc|△c|
(
v2
sc
v2
sc
+v2
Ac
)2
(ω2r − ω2Ai)(ω2r − ω2Ae)Gm
2ωr
[
1− χ( kike )Qm]− ωrχTm ,
(B17)
where
Tm=ω
2
r(ω
2
r − ω2Ae)
(
ki
ke
){
(ω2r − 2ω2Ci)[Qm + kiRPm]
(ω2r − ω2si)(ω2r − ω2Ai)(ω2r − ω2Ci)
− (ω
2
r − 2ω2Ce)[Qm − keRSm]
(ω2r − ω2se)(ω2r − ω2Ae)(ω2r − ω2Ce)
}
. (B18)
Likewise, for the surface wave in the Alfve´n contin-
uum, we obtain
γm=−
piρem
2
keρA|△A|r2A
(ω2r − ω2Ai)(ω2r − ω2Ae)Gm
2ωr
[
1− χ( kike )Qm]− ωrχTm .(B19)
In the limit kiR(keR)≪ 1, T1 becomes with the help
of Eqs. (A5)-(A8)
T1=−ω2r(ω2r − ω2Ae)
{
(ω2r − 2ω2Ci)(kiR)2
2(ω2r − ω2si)(ω2r − ω2Ai)(ω2r − ω2Ci)
+
(ω2r − 2ω2Ce)[−(kiR)2/4 + (1 + 3 ln(keR))(keR)2]
(ω2r − ω2se)(ω2r − ω2Ae)(ω2r − ω2Ce)
}
.
(B20)
For the slow surface kink mode with kzR ≪ 1 (ωr ≈
ωCi), by the aid of Eqs. (12)-(14), Eq. (B20) reduces to
T1=−ω2Ci(ω2Ci − ω2Ae)
{ −ω2Ci(kiR)2
2(ω2Ci − ω2si)(ω2Ci − ω2Ai)α
+
(ω2Ci − 2ω2Ce)[−(kiR)2/4 + (1 + 3 ln(keR))(keR)2]
(ω2Ci − ω2se)(ω2Ci − ω2Ae)(ω2Ci − ω2Ce)
}
=−ω2Ci(ω2Ci − ω2Ae)
{
8ω2siω
2
Ai
ω8Cik
2
zR
2
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)2
− 1
(ω2Ci − ω2se)(ω2Ci − ω2Ae)(ω2Ci − ω2Ce)
×
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)
− (ω
2
Ci − 2ω2Ce)(1 + 3 ln(kzR))k2zR2
(ω2se + ω
2
Ae)(ω
2
Ci − ω2Ce)2
}
≈−8ω
2
siω
2
Ai(ω
2
Ci − ω2Ae)
ω6Cik
2
zR
2
(
ω2Ciω
2
Ai
χω2si(ω
2
Ci − ω2Ae)
− 1
)2
.
(B21)
C. LINEAR PROFILES FOR THE DENSITY,
SQUARED MAGNETIC FIELD, AND
PRESSURE
For the linear profiles considered in Sec. 4 the variables
vs, vA, and vC in the cusp resonance regime become
vs=
√
γpc
ρc
=
√
γpi
ρi
√
pc
pi
1√
ρc/ρi
=
vsi
√
pci√
1 + δ(χ− 1) , (C22)
vA=
Bc√
µ0ρc
=
Bi√
µ0ρi
Bc
Bi
1√
ρc/ρi
=
vAiBci√
1 + δ(χ− 1) , (C23)
v2C =
v2sv
2
A
v2s + v
2
A
=
γpc
ρc
Bc√
µ0ρc
γpc
ρc
+
B2
c
µ0ρc
18
=
v2siv
2
Ai
v2sipci + v
2
AiB
2
ci
pciB
2
ci
1 + δ(χ− 1) , (C24)
where ρci = ρc/ρi, pci = pc/pi and Bci = Bc/Bi. The
subscript c represents the value at the resonant position.
Assuming a linear variation of the squared magnetic field
B2 we can set B2c = B
2
i + δ(B
2
e −B2i ) as for ρc, then pc
also has a similar relation pc = pi + δ(pe − pi) or vice
versa. Making use of these variables Eqs. (C22)-(C24)
reduce to
vs=
vsi
√
pci√
1 + δ(χ− 1) = vsi
√
1 + δ(pei − 1)√
1 + δ(χ− 1)
= vsi
√
1 + δ(χ(vse/vsi)2 − 1)√
1 + δ(χ− 1)
= vsi
√
1 + δ(χv2sei − 1)√
1 + δ(χ− 1) , (C25)
vA==
vAiBci√
1 + δ(χ− 1) = vAi
√
1 + δ(B2ei − 1)√
1 + δ(χ− 1)
= vAi
√
1 + δ(χ(vAe/vAi)2 − 1)√
1 + δ(χ− 1)
= vAi
√
1 + δ(χv2Aei − 1)√
1 + δ(χ− 1) , (C26)
v2C =
v2sv
2
A
v2s + v
2
A
=
v2siv
2
Ai
v2sipci + v
2
AiB
2
ci
pciB
2
ci
1 + δ(χ− 1)
=
v2siv
2
Ai
v2si[1 + δ(pei − 1)] + v2Ai[1 + δ(B2ei − 1)]
× [1 + δ(pei − 1)][1 + δ(B
2
ei − 1)]
1 + δ(χ− 1) ,
=
v2siv
2
Ai
v2si[1 + δ(χv
2
sei − 1)] + v2Ai[1 + δ(χv2Aei − 1)]
× [1 + δ(χv
2
sei − 1)][1 + δ(χv2Aei − 1)]
1 + δ(χ− 1) , (C27)
where v2sei = v
2
se/v
2
si and v
2
Aei = v
2
Ae/v
2
Ai.
From Eq. (C24) we derive the formula for δ(= δc)
with respect to vC :
Aδ2 +Bδ + C = 0, (C28)
where
A=1 +
v2C
v2Ci
(χ− 1) + χ
[
v2C
v2Ci
− (v2sei + v2Aei)
]
−χ2
(
v2C
v2Ci
− v2seiv2Aei
)
, (C29)
B=2
(
v2C
v2Ci
− 1
)
− χ
[
v2C
v2Ci
(
1 +
v2se + v
2
Ae
v2si + v
2
Ai
)
−(v2sei + v2Aei)
]
, (C30)
C=1− v
2
C
v2Ci
, (C31)
which leads to two solutions:
δc1=− B
2A
+
√
B2 − 4AC
2A
(0 < δ ≤ δm), (C32)
δc2=− B
2A
−
√
B2 − 4AC
2A
(δm ≤ δ ≤ 1), (C33)
where δm is the value of δ when vC has a maximum
value.
For △c we obtain
△c=d(ω2 − ω2C)/dr|r=rc = −2ωCc
dωCc
dr
=−2ω2Cc
[
vAcv
′
sc + vscv
′
Ac
vscvAc
− vscv
′
sc + vAcv
′
Ac
v2sc + v
2
Ac
]
=−ω2Cc
[
p′c
pc
− ρ
′
c
ρc
+ 2
B′c
Bc
− v
2
sc
(P ′
c
Pc
)
+ 2v2Ac
(B′
c
Bc
)
v2s + v
2
A
]
=−
(
ω2Cc
l
){
(χv2sei − 1)
1 + δ(χv2sei − 1)
− (χ− 1)
1 + δ(χ− 1)
+
(χv2Aei − 1)
1 + δ(χv2Aei − 1)
(C34)
− v
2
si(χv
2
sei − 1) + v2Ai(χv2Aei − 1)
v2si[1 + δ(χv
2
sei − 1)] + v2Ai[1 + δ(χv2Aei − 1)]
}
,
where the prime denotes the derivative with respect to
r and the subscript c means r = rc.
In the same way, we can derive δ(= δa) in case of
the Alfve´n resonance. From Eq. (C26) we derive the
formula for δ with respect to vA
δa =
1− (vA/vAi)2
1− (vA/vAi)2 + χ[(vA/vAi)2 − vAei] . (C35)
For △A we obtain
△A=d(ω2 − ω2A)/dr|r=rA = −2ωAa
dωAa
dr
=−2ωAakz
(
Ba√
µ0ρa
)′
= −2ω2Aa
(
B′a
Ba
− 1
2
ρ′a
ρa
)
=−
(
ω2Aa
l
){
χv2Aei − 1
1 + δa(χv2Aei − 1)
− χ− 1
1 + δa(χ− 1)
}
,
(C36)
where the subscript a means r = rA (δ = δa).
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